Final Exam Mathematical Physics, Prof. G. Palasantzas
e Date 17-06-2016
e Total number of points 100
e 10 points free for coming to the final exam
e For all problems justify your answer

Problem 1 (10 points)
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We form the series Z , and we show that it is covergent using
=~ n!

the ratio test.
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Therefore, since the series is convergent we have: “m an= lim =0
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Problem 2 (15 points)

n
This is a subcase of the more general series 2 —(x—a)" b=0 with b=3 and a=5. The

i
=1 b
solution is (assuming below that b=3 and a=5):
n (3 -
a Gn= F(I —a)", where b > 0.
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By the Ratio Test, the series converges when <1l & |r—al<bh & —-b<r—a<h =

a—b<z<a+b When|z—a|=b lim |a,) = lim n = o0, so the series diverges. Thus. I = (a — b,a + b).
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if we substitute b=3 and a=5 we have range of convergence 1=(2, 8)



Problem 3 (20 points)

If we solve the auxiliary equation we have two complex roots:

CASE

I ¢ — 4mk < 0 (underdamping)

Here the roots are complex: ) . ) 2 2
ri,=—(c/2m)x jo\1—-(c/2me)” (k=mwo”™) =

Homogenous solution : x,___(#) = ¢™“/*"[¢,cos(at) +c,sin(er))

. — ' 2
with @ = oJ1—(c/2mea)”

(see book chap. 17.3 & Nestor site)

We look for a particular solution of the form: x ,(7) = Acos(ar) + Bsm(ar)

Look in Nestor the general solution of the AFM-equation of motion with ®=mo:

since @ =@, (andasaresult k —m®” =0) we obtain after substition (

into the equation of motion:c@B =F_, and A =0 =x,(0) =

F, ) .
2 ]5111(0)0

cw

Total solution: x(7) =x,,,,(t) +x,(?)

—(el2 L F_ .
x(t)=e (C'x‘m)“[clcos((of) +czsm((of)] - { 2 ]sm((or)
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Problem 4 (10 points)
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Problem 5 (15 points)

; ) i Mk x _ —lmiky x
(a) F [sin@rk 2] K f 2[ - dx
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(b) since sin(3x)=3sin(x)-4sin’(x) we obtain sin(x)=[3sin(x)-sin(3x)]/4. As
a result the Fourier transform sin’(x) will be

Fr [Sin}2nke)](K) = [ 3 F [Sin@rkox)](K) - Fe [Sin(6rkex)](K) ] / 4

Since
. [Sin(2rkox)](K)=(i/2)[8(k+ko)- S(K-Ko)]

F [Sin(6mkox)](K) = (i/2)[8(k+3ko)- 5(k-3ko)]

We obtain  F, [Sin(2nkox)](k)=(31/8)[8(k+ko)- S(k-ko)] - (i/8)[8(k+3ko)- 5(k-3Ko)]

You can also calculate (b) directly as in (a).




Problem 6 (20 points)

The solutiom is determined by the separation of variables (the Fourier methaod):

ulz, t) = F(x)G(t).
Then _
it . P u
a7 e
Substituting this into one-dimensional heat equation and separating variables,

=F"C

FOQ'=2F"0
(_;, Flf
G F
we obtain the differential equations for Gt} and F(z)

const = —p°

(;w 4 r__‘.’]“'JG — n-

F" + p*F =10,
Satisfy the boundary conditions:

w(0,f) = FO)GE) =0,  u(L.t)=F(L)GR#) =0, &> 0.
Thus,

F(0) =0, F(L)y=10.
The general solution for F is

F = Acospx + Bsinpa.

and

Floy=0: A=0; F(Ly=10: Bsinpl =0
which yields

sinpl =0 (B#£0)

nmw

ph=na, p=p,= A (n=1,2,...).
. , , . nrT
F=F, =sinp,r = sin T r (m=1.2...).

The equation for & becomes

GG =0, A =0

(a)




The general solution of this equation is
G(t) = Gu(t) = Bpe ™" (n=1,2,...)."

Hence the solutions of

du 2 u ) )
o g Vs L
satisfying
w(0,t) =0, w(L,t)=0, t=0.
are

o nmw .
(1, 1) = Fl(2)Gn(t) = Bpe Mntsin 7 (n=12_)
These functions are called eigenfunctions and
en
A, = —
L
are called eigenvalues,
Now we can solve the entire problem by setting
(v %] ;,I_
u(r.t)=% u B, et sin
S (e = 3 s

n=1 n=1

Satisfy the initial conditions: \

u(z.0) =>" B,sin %? = f(x).
n=1

Thus,

L nm
B, = / f(x)sin —zdz, n=1,2,....
0 L o
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(b) Only the m-term of the solution u(x,t) is non-zero, so that we obtain B,,=A and

\
the solution has the form u(x,t)=Aexp[-(cmm/L)*t] sin(mmx/L) !

Then if you substitute m=9 you obtain u(x,t)=Aexp[-(c9r/L)*t] sin(9rx/L)
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(c) Only the m;, m,, ms- terms of the solution u(x,t) are non-zero, so that we
obtain Bm;=A1, Bm,=A2, Bm;=A3 and the solution has the form
Y

u(x,t) = Al exp[-(cmyrt/L)%t] sin(mymx/L) + A2 exp[-(cm,rt/L)%t] sin(m,mx/L)+



A2 exp[-(cmsm/L)’t] sin(msmx/L),
Therefore after substitution of (m;, m,, m3)=(10, 20, 30) we obtain:
u(x,t) = Al exp[-(c10m/L)’t] sin(10mx/L) + A2 exp[-(c20m/L)*t] sin(20mx/L)+ A2

exp[-(c30m/L)*t] sin(30mx/L)
(




